In this paper, we study the Cauchy problem of the fractional Navier-Stokes equations with Coriolis force in critical Fourier-Besov-Morrey spaces. By using the Fourier localization argument and the Littlewood-Paley theory, we get a local well-posedness results and global well-posedness results with small initial data belonging to the critical Fourier-Besov-Morrey spaces. Moreover; we prove that the corresponding global solution decays to zero as time goes to infinity, and we give the stability result for global solutions.
Introduction
I n this paper, we consider the initial value problem of the fractional Navier-Stokes equations with the Coriolis force in R 3 ,
where u = u(t, x) = (u 1 (t, x), u 2 (t, x), u 3 (t, x)) represents the unknown velocity vector, the scalar function π = π(t, x) denotes the unknown scalar pressure and u 0 is a divergence free vector field. The constant µ > 0 indicates the viscosity coefficient of the fluid, Ω ∈ R represents the speed of rotation around the vertical unit vector e 3 = (0, 0, 1), which is called the Coriolis parameter, and × represents the outer product, hence, −Ωe 3 × u = (Ωu 2 , −Ωu 1 , 0). We recall that the Coriolis term has an another expression −Ωe 3 × u = −ΩJu, where the skew-symmetric matrix J defined by
The operator (−∆) α is the Fourier multiplier with symbol |ξ| 2α . When α = 1, the Equation (1) corresponds to the usual Navier-Stokes equation with Coriolis force, which receives some attention for its importance in geophysical flow applications. In particular, large scale atmospheric and oceanic flows are dominated by rotational effects, see ( [1] , [2] ). When α = 1 and Ω = 0, Hieber and Shibata [3] obtained the uniform global well-posedness for the Navier-Stokes equations with Coriolis force for small initial data in the Sobolev space H 1 2 (R 3 ). Chemin et al. [2, 4] established that for any initial data u 0 belonging to L 2 (R 2 ) + H 1 2 (R 3 ) there exists a unique solution to the Navier-Stokes equations with Coriolis force when |Ω| > Ω 0 > 0. Iwabuchi and Takada [5] proved the existence of global solutions for the Navier-Stokes equations with Coriolis force in Sobolev spacesḢ s (R 3 ) with 1/2 < s < 3/4 if the speed of rotation Ω is large enough compared with the norm of initial data u 0 Ḣs ; they also obtained the global existence and the uniqueness of the mild solution for small initial data in the Fourier-Besov spaces FḂ −1 1,2 , and proved the ill-posedness in the space FḂ −1 1,q , 2 < q ≤ ∞ for all Ω ∈ R (see [6] ). For the local existence of solutions of these equations, we quote the results of Giga et al. [7, 8] and Sawada [9] .
Recently, W. Wang and G. Wu [10] established the global well-posedness of mild solution to the three-dimensional incompressible generalized Navier-Stokes equations with Coriolis force if the initial data are in the Lei-Lin's space χ 1−2α , they also gave Gevrey class regularity of the solution.
In the case Ω = 0 and α = 1, the problem (1) corresponds to the usual Navier-Stokes equations:
Throughout this paper, we use FṄ s p,λ,q to denote the homogenous Fourier Besov-Morrey spaces, C will denote constants which can be different at different places, U V means that there exists a constant C > 0 such that U ≤ CV, and p is the conjugate of p satisfying 1 p + 1 p = 1 for 1 ≤ p ≤ ∞. Inspired by the works [6, [10] [11] [12] [13] , the aim of this paper is to prove the global existence and the decay property and the stability of the global solutions of the fractional Navier-Stokes equations with Coriolis force (1) in the
Preliminaries and main results
The results presented in this work are based on homogeneous Littlewood-Paley decomposition in the Fourier variables. We evoke briefly this construction below. We begin by dyadic decomposition of R n .
Choose two nonnegative smooth radial functions χ, ϕ satisfying supp ϕ ⊂ {ξ ∈ R n :
We denote ϕ j (ξ) = ϕ(2 −j ξ) and P the set of all polynomials. The space of tempered distributions is denoted by S . The homogeneous dyadic blocks∆ j andṠ j are defined for all j ∈ Z bẏ
First, we give the definition of the Morrey spaces which are a complement to the L p spaces.
where B(x 0 , r) denotes the ball in R n with center x 0 and radius r.
It is easy to observe that the relation M λ
and p 2 ≤ p 1 , and M 0 p = L p .
for all ϕ ∈ L 1 and g ∈ M λ p .
Definition 2. (Homogeneous Besov-Morrey spaces
Here
The space Z (R n ) denotes the topological dual of the space Z (R n ) = f ∈ S(R n ); ∂ α f (0) = 0 for every multi-index α , and can be identified to the quotient space S (R n )/P, where P represents the set of all polynomials on R n . We refer to [16, chap. 8] for more details. 
with appropriate modifications made when q = ∞. Note that the space FṄ s p,λ,q (R n ) equipped with the norm (4) is a Banach space. Since M 0 p = L p , we have FṄ s p,0,q = FḂ s p,q , FṄ s 1,0,q = FḂ s 1,q =Ḃ s q and FṄ −1 1,0,1 = χ −1 whereḂ s q is the Fourier-Herz space and χ −1 is the Lei-Lin space [17, 18] . Now, we give the definition of the mixed space-time spaces. Our main result is the following theorem. Furthermore, for all 1 ≤ p < ∞ and 1 2 < α ≤ 1 + 3 2p + λ 2p there exists a constant C 0 (p, q) such that for any
where C is a positive constant. [19, 20] and in Fourier-Besov spaces FḂ 2− 3 p p,∞ [13] . Theorem 5 is an extension and an improvement of these works to the Fourier-Besov-Morrey space FṄ
. We note that the fractional Navier-Stokes-Coriolis system is well-posed uniformly in the sense that the smallness condition is independent of Ω.
is a global solution of the system (1) given by Theorem 5, then
Remark 2. Theorem 6 specifies the asymptotic behavior of a given global solution for (1) in the space
The long time decay property is also valid in the case Ω = 0 where the Equation (1) is reduced to the fractional Navier-Stokes equation. At present, we are unable to establish that (6) still holds true for
The principal reason is that the proof is largely based on the lemma 14.
Theorem 7. Let T * denote the maximal time of existence of a solution u in
is a global solution of (1), and for all v 0 ∈ FṄ
for some constant C 0 sufficiently small, then the fractional Navier-Stokes-Coriolis system starting by v 0 has a global solution v fulfilling the inequality
where C is a positive constant.
Remark 3.
In the case Ω = 0 and α = 1, the result of stability of global solutions for the usual Navier-Stokes equations is developed by several researchers in different function spaces such as H 1 , L 3 ,Ḃ 3 p −1 p,q and χ −1 [11, [21] [22] [23] . To show Theorem 7, we adapt the method of the above works to our problem (1) in the spaces
. Theorem 7 extends the works of [11, 21, 23 ] to a more general frame.
We finish this section with a Bernstein type lemma in Fourier variables in Morrey spaces.
Well-posedness
In order to solve (1), we consider the following integral equation:
where P = (δ ij + R i R j ) 1≤i,j≤3 denotes the Helmholtz projection onto the divergence-free vector fields, which is a pseudo differential operator of order 0, and T Ω,α (·) denotes the Stokes-Coriolis semigroup corresponding to the following linear Stokes problem with Coriolis force
Besides, T Ω,1 (·) is given explicitly by
for t ≥ 0 and divergence-free vector fields f . Here, I is the identity matrix in R 3 and R(ξ) is the skew-symmetric matrix symbol related to the Riesz transform, which is defined by
We refer to Babin-Mahalov-Nikolaenko [25] [26] [27] , Giga-Inui-Mahalov-Saal [8] and Hieber-Shibata [3] for the derivation of the explicit form of T Ω,1 (·).
For α ∈ 2 3 , 2 3 + 1 p + λ 3p , the same argument given in [3, 10] gives
The first estimate corresponds to the Stokes-Coriolis semigroup T Ω,α .
T Ω,α (t)u 0
Proof. To prove the first inequality (9) , it suffices to write that
In order to prove the second estimate (10), we write
To estimate the inequality (11) , it suffices to write that
there exists a constant C = C(p, q) > 0 depending on p, q such that
Proof. We need to introduce some notations about the standard localization operators. We set
Applying Bony paraproduct decomposition and quasi-orthogonality property for Littlewood-Paley decomposition, for fixed j, we obtaiṅ
The triangular inequality gives
We evaluate the above three terms individually. First, using Young's inequality (3) and Lemma 8 with |γ| = 0, we get
Applying l q −norm on both sides in the above estimate we obtain
Likewise, we prove that
To estimate I I I j , the so-called "remainder term", we use a different approach. Let 
When 2 − 3α + 3 p + λ p > 0, we take the l q −norm on both sides in the above estimate, and then we apply Young's inequality for series to get 
For the case 2 − 3α + 3 p + λ p = 0, we write
where we have used the fact 1 ≤ q ≤ 2 implies FṄ (14) , (15) , (16) and (17) yield (12) .
, and set
There exists a constant C = C(α, p, q) > 0 depending on α, p, q such that
Proof. This proposition is given in [28] 
. For the case α =
the argument is similar to the method described for (17) . Now, we give an abstract lemma on the existence of fixed point solutions.
Lemma 13. Let X be a Banach space with norm . X and B : X × X −→ X be a bounded bilinear operator satisfying
for all u, v ∈ X and a constant η > 0. Then, if 0 < ε < 1 4η and if y ∈ X such that y X ≤ ε, the equation x := y + B(x, x) has a solution x in X such that x X ≤ 2ε. This solution is the only one in the ball B(0, 2ε). Moreover, the solution depends continuously on y in the sense: if y X < ε, x = y + B(x , x ), and x X ≤ 2ε, then
Proof of Theorem 5. We will use Lemma 13 to sketch the proof of the existence results. The functions here are vector fields, whose norm is the sum of the norms of the three components. For the local existence, we set
Here, as usual, we begin with the mild integral equation
and we consider the bilinear operator B given by
According to Lemma 9 and Proposition 11 we obtain
Lemma 10 yields
Now, we shall decompose the initial data u 0 into two terms
where δ = δ(u 0 ) > 0 is a real number. Since u 0,2 converge to 0 in FṄ
as δ → +∞, by (21) there exists δ large enough such that
For the first term u 0,1 , For the global existence, we will again use Lemma 13 to ensure the existence of global mild solution with small initial data in the Banach space X given by
According to Lemma 9 and Proposition 12, we obtain
Similarly,
Finally,
Lemma 10 yields
T Ω,α (t)u 0 X ≤ C u 0 
The decay property
In this section, we first present the following interpolation inequalities which have their specific utility in the sequel. 
Proof. Proof of Theorem 6 In this part, we will focus on the asymptotic behavior of global solutions when t → ∞, which was developed in different papers such as [11, 29, 30] and [31, chap. 11 ].
For k ∈ N, define A k = {ξ ∈ R 3 ; |ξ| ≤ k and |û 0 (ξ)| ≤ k} .
as k → +∞. Then, there exists k ∈ N such that
Put
Then u 0,k ∈ FṄ
Now, we insert the following system
For ε 2 ≤ C 0 µ, we infer from Theorem 5 that the system (24) has a unique global solution such that
Moreover, for any t ≥ 0 we have
So let's consider the difference u k = u − w k , which satisfies
where π and π k are the associated pressures to the solutions u and w k , respectively. By taking the inner products with u k and integrating by parts, we can show that
where we have used Ω(e 3 × u k ).u k = 0. Integrating by parts, Hölder's inequality and Lemma 15 lead to
By (23) and (25) we have w k
In addition, we assume ε small enough such that
We conclude that
Gronwall's inequality leads to
Since q ≤ 2, by Hölder's inequality, we get
where we have used (25) . Consequently
Using Lemma 14 with s = α we obtain
The continuity of u k in FṄ 1−2α+ 3 p + λ p p,λ,q ensure that there exists a time t 0 such that
Then we have
Now, we consider the fractional Navier-Stokes equations with Coriolis forces starting at t = t 0
By Theorem 5 and using the method mentioned in the proof of (25), we directly obtain
for all t ≥ t 0 . We have completed the proof of Theorem 6.
Stability of global solutions
In this section we prove Theorem 7. Let T * be the maximal existence time of a solution u of (1) in
In order to prove a blow-up criterion of the solution given by Theorem 5, assume that T * < ∞ and u
For t ∈ [T 0 , T * ), we explicitly consider the integral equation
The same reasoning as in the proof of Proposition 12 gives .
